Abstract. Consider an effective Hamiltonian circle action on a compact symplectic 2n-dimensional manifold (M, ω). Assume that the fixed set M S 1 is minimal, in two senses: it has exactly two components, X and Y , and dim(X) + dim(Y ) = dim(M ) − 2.
Introduction
Let the circle S 1 act in a Hamiltonian fashion 1 on a compact symplectic manifold (M, ω). The moment map φ : M → R is a Morse-Bott function whose critical set is exactly the fixed point set M S 1 . Moreover, since M is a symplectic manifold, H 2i (M ; R) = 0 for all i such that 0 ≤ 2i ≤ dim(M ). Therefore, we can immediately conclude that
where the sum is over all fixed components.
In this paper, we consider the case that the fixed set has the smallest possible number of components, and these components have the smallest possible dimension. More concretely, we assume that M S 1 has exactly two components, X and Y , and that dim(X) + dim(Y ) = dim(M ) − 2. It is easy to see that CP n , the complex projective space of lines in C n+1 , admits a Hamiltonian circle action satisfying these assumptions; if n is odd then G 2 (R n+2 ), the Grassmannian of oriented two-planes in R n+2 , does as well. (See Examples 1.4 and 1.5.)
Our first main theorem in this paper is that, under the above assumptions, the cohomology ring H * (M ; Z) and Chern classes 2 c(M ) of M are identical to those of one of these two spaces. 1+2x . In both cases, x has degree 2; in case (B), y has degree n + 1.
More generally, let (M, ω) be any compact symplectic manifold with a Hamiltonian circle action. Assume that M has minimal even Betti numbers, that is, (See Lemma 4.1.) Theorem 1 shows that if M S 1 has exactly two components, then the converse also holds. In fact, we are able to show more generally that if (1.2) holds, then H j (M ; R) = H j (CP Question 1. Consider a Hamiltonian circle action on a compact symplectic manifold (M, ω) which satisfies b 2i (M ) = 1 for all i ∈ 0, . . . , In the case that M is 6-dimensional, both questions are answered affirmatively in [5] . By the theorem above, the same claim holds if M S 1 has exactly two components. Moreover, in both cases, every such manifold "looks like" some well-known Kähler example with additional symmetries; see [5] and [4] for the case when M is 6-dimensional. This provides additional evidence that very few symplectic manifolds with minimal even Betti numbers admit Hamiltonian actions.
Our second main theorem is that there are no exotic actions, that is, the fixed set data agrees exactly with one of the two standard examples. Here, the fixed set data is the cohomology ring of each fixed component X, the set of weights for the isotropy representation on the normal bundle N X to each fixed component X, and -for each such weight k -the Chern classes of each subbundle V k ⊂ N X on which S 1 acts with weight k. This theorem is an immediate consequence of Propositions 6.1 and 8.1. The cohomology ring and Chern classes of CP n and G 2 (R n+2 ) are exactly those described in Theorem 1. Moreover, we can transform any non-trivial circle action into an effective circle action by quotienting out by the subgroup which acts trivially. Therefore, by the proposition below, which combines Corollary 3.16 and Remark 3.18 in [5] , Theorem 1 is an immediate consequence of Theorem 2.
3 A group G acts effectively on M if for every non-trivial g ∈ G, there exists m ∈ M so that g · m = m. 4 A circle action is semifree if there are no points with stabilizer Z k for any k ≥ 2.
Proposition 1.3 (Tolman). Let the circle act on compact symplectic manifolds (M, ω)
and ( M , ω) with moment maps φ : M → R and φ : M → R, respectively; assume that H j ( M ; Z) = H j (CP n ; Z) for all j. Also assume that there is a bijection from the fixed components F 1 , . . . , F k of M to the fixed components F 1 , . . . , F k of M so that there exists an isomorphism f * : H * S 1 ( F i ; Z) → H * S 1 (F i ; Z) such that f * (c S 1 ( M )| b
for all i. Then there is an isomorphism f ♯ : H * ( M ; Z) → H * (M ; Z) so that f ♯ (c( M )) = c(M ).
Alternatively, we can use Theorem 2 to directly calculate the equivariant cohomology of M and to prove Theorem 1; see Section 3.
Note that, in the case that one of the fixed components is a point, Theorems 1 and 2 are an immediate consequence of Delzant's theorem [1] . He classified (up to equivariant symplectomorphism) Hamiltonian circle actions on compact symplectic manifolds (M, ω) with one isolated fixed point and one other fixed component. Additionally, Haussmann and Holm are studying Hamiltonian circle actions with two fixed components, but from a very different perspective [2] . In particular, they are not focussing on the case that we consider here. Example 1.4. Given n ≥ 1, let CP n denote the complex projective space. Since this 2n-dimensional manifold naturally arises as a coadjoint orbit of SU (n + 1), it inherits a symplectic form ω and a Hamiltonian SU (n + 1) action. Thus, for any j ∈ {0, . . . , n − 1}, there is a Hamiltonian circle action given by
The fixed set (CP n ) S 1 consists of two components:
Note that 2(n − j − 1) + 2j = 2n − 2, as required.
) denote the Grassmannian of oriented two-planes in R n+2 . Since this 2n-dimensional manifold naturally arises as a coadjoint orbit of SO(n + 2), it inherits a symplectic form ω and a Hamiltonian SO(n + 2) action. Thus, if n is odd, there is a Hamiltonian circle action on G 2 (R n+2 ) induced by the action on
given by λ · (t, z 1 , ..., z 1 2 (n+1) ) = (t, λz 1 , ..., λz 1 2 (n+1) ). The fixed set consists of two components, corresponding to the two orientations on the real two-planes in P {0} × C The techniques in this paper are new, and are quite different from those used in [5] . In that paper, it was nearly always sufficient to examine Chern classes on the fixed components, using the Atiyah-Bott-Berline-Vergne localization formula. In this paper, we work much more directly with the cohomology ring and Chern classes of the reduced space itself. We believe that this more direct approach will be vital for further progress.
The outline of this paper is fairly straightforward. We describe properties of moment maps in §2; this is mostly review. In §3, we use Theorem 2 to calculate the possible cohomology rings (ordinary and equivariant) and Chern classes of M . The rest of the paper is dedicated to proving Theorem 2. We consider the implications of our two main restriction -that the fixed components have minimial dimension, and that their are only two fixed components, in §4 and §5, respectively. In the next section, we bring these arguments together to complete the proof of Theorem 2 in the semifree case. Finally, in §7 we study isotropy submanifolds of actions with only two fixed components, and in §8 we use this to complete the proof of our main theorem.
Open Questions.
The results in this paper suggest some interesting open questions. First, although the assumption that the fixed components have minimal dimension does not in general imply that b 2i (M ) = 1 for all i ∈ {0, . . . , The first interesting case which we hope to consider is that of an 8-dimensional manifold M with an isolated fixed minimum, an isolated fixed maximum, and a 4-dimensional fixed component of index 2.
Alternatively, one could attempt to classify Hamiltonian circle actions with two fixed components, X and Y . In this case, in light of our results here and Remark 5.3, the interesting cases to consider are when dim(X) + dim(Y ) ≥ dim(M ) and when X and Y have codimension at least four. The first such case would be an 8-dimensional manifold M with two 4-dimensional fixed components.
More generally, we prove in the appendix that for any effective Hamiltonian circle action with two fixed components, no point has stabilizer Z k for any k > 6. However, we do not know of any example with stabilizer Z k for any k > 2. (See also Proposition 7.13.) This raises another question. Acknowledgement. The first author would like to thank the University of Luxembourg, and particularly the University of Illinois at Urbana-Champaign for financial support while she was visiting the second author.
Background
The main goal of this section is to introduce some background material and establish our notation. However, in a few cases we will need to slightly extend known results.
Let the circle act (possibly trivially) on a space X. The equivariant cohomology of X is
. In contrast, if the stabilizer of every point x ∈ X is finite, then H * S 1 (X; R) is naturally isomorphic to H * (X/S 1 ; R). Note that the projection map
where ξ M is the vector field on M induced by the circle action. Since ι ξ M ω is closed, every symplectic action is Hamiltonian if H 1 (M ; R) = 0.
As we mentioned in the introduction, the moment map φ : M → R is a Morse-Bott function whose critical set is exactly the fixed point set M S 1 . Therefore, if c ∈ R is a regular value of φ, then every point in the level set φ −1 (c) has finite stabilizer. Since φ −1 (c) is a manifold, this implies that the symplectic reduction of M at c,
is an orbifold. Since ω| φ −1 (c) is a basic two-form, there exists a symplectic Given a symplectic manifold (M, ω), there is an almost complex structure J : T (M ) → T (M ) which is compatible with ω, that is, ω(J(·), ·) is a Riemannian metric. Moreover, the set of such structures is connected, and so there is a well defined total Chern class c(M ) ∈ H * (M ; Z). Similarly, given a circle action on (M, ω) with moment map φ : M → R, there is a well-defined multiset of integers, called weights, associated to each fixed point p. In fact, for any fixed component F , the tangent bundle T (M )| F naturally splits into subbundles -one corresponding to each weight.
The negative normal bundle N − F at a fixed component F is the sum of the subbundles of T (M )| F with negative weights. In particular, if λ F is the number of negative weights in T p M for any p ∈ F (counted with multiplicity), then the index of φ as a Morse-Bott function at F is 2λ
is the product of the negative (integer) weights at F . As Atiyah and Bott pointed out, this fact implies that e S 1 (N − F ) is not a zero divisor in H * S 1 (F ; R). Kirwan proved that this fact has remarkable consequences for Hamiltonian actions [3] ; we explain some of these consequences below.
Let R be a commutative ring (with unit), for example, R, Z, or Z p . If R = R, or if the action is semifree, or if H j−2λ F (F ; Z) is torsion-free and R = Z, then multiplication by [6] for comments on the case R = R.) Let M ± = φ −1 (−∞, φ(F ) ± ǫ), where ǫ > 0 is sufficiently small. For simplicity, assume that F is the only fixed set in M + M − . By the previous paragraph, if R = R, or if the action is semifree, or if H j−2λ F (F ; Z) and H j−2λ F +1 (F ; Z) are torsion-free and R = Z, then the map from H *
is injective for * = j and * = j + 1; therefore, the long exact sequence in equivariant cohomology for the pair (M + , M − ) breaks into a short exact sequence
Additionally, restriction induces a natural map of exact sequences 
is a short exact sequence. Note that, if j = 2 and R = Z, then (2.2) is exact for any fixed component F . This is because either λ F = 0, in which case e S 1 (N − F ) = 1, or λ F ≥ 1, in which case H j−2λ F (F ; Z) and H j−2λ F +1 (F ; Z) are torsion-free. Therefore, the proposition below follows easily by induction and the paragraph above. 
More generally, as we saw above, if the action is semifree, if R = R or if H * (M S 1 ; Z) is torsion-free and R = Z, then (2.2) is exact for every j. By induction, this implies that (2.3) is exact for all F , that the restriction map H * S 1 (M ; R) → H * (M ; R) is a surjection, and that the restriction map
is torsion-free and R = Z, or if R = R, then (2.2) and (2.3) imply that
, and
where the sum is over all fixed components. In particular, φ is perfect and equivariantly perfect, that is, these equations hold for R = R. Moreover, by Leray-Hirsch, the fact that H j (M S 1 ; Z) is torsion-free and that the restriction map from
is surjective implies that the kernel of this map is the image π * H * (CP ∞ ; R) , which is the ideal generated by π * (t), where t ∈ H 2 (CP ∞ ; R) is the generator. (See (2.1).) Hence, if we want to compute the (ordinary) cohomology of M , it is enough to determine the equivariant cohomology of M ;
The image of this map is a lattice in H * (M ; R). We shall say that a class is integral if it lies in the image of this map and is primitive if, in addition, it is not a positive integer multiple of any other integral class.
Lemma 2.7. Let the circle act on a compact symplectic manifold (M, ω) with moment map φ : M → R. Let F be a fixed component.
•
and
for all fixed components F ′ and all regular values c ∈ R. Here, 
Lemma 2.8. Let the circle act on a complex vector bundle E of rank d over a compact manifold X so that E S 1 = X. Assume that there exists a non-zero λ ∈ Z so that the circle acts on E with weight λ. Then there exists
Here, c(E), c S 1 (E), and e S 1 (E) are the total Chern class of E, the total equivariant Chern class of E, and the equivariant Euler class of E, respectively.
Proof. By the splitting principle, there exists a space Y and a map p : Y → X such that p * : H * (X; Z) → H * (Y ; Z) is injective and the pullback bunlde p * (E) breaks up as the direct sum of line bundles. Therefore, without loss of generality we may assume that the bundle is a direct sum of line bundles with first Chern class α 1 , . . . α d respectively. Then
The claim follows immediately.
Using Theorem 2 to calculate the cohomology ring of M
In this section, we use Theorem 2 to compute the possible cohomology rings (ordinary and equivariant) and Chern classes of M . In particular, we give an alternative proof of Theorem 1 and prove the proposition below. 
one of the following is true:
(A) The action is semifree,
, where
In both cases, t generates π * H 2 (CP ∞ ; Z) ⊂ H 2 S 1 (M ; Z) and x has degree 2; in case (B), y has degree n + 1.
is torsion-free. As we showed in §2, this implies that the restriction map H * S 1 (M ; Z) → H * S 1 (M S 1 ; Z) is injective and that
Proposition 3.9 of [5] states that whenever
F is the product of the negative weights at F and Γ F is the sum of the weights at F for each fixed component F . Finally, the product is over all fixed components
Assume first that the action is semifree. By part (A) of Theorem 2 and Lemma 2.8,
In particular, (3.3) implies that α 1 | X = u and α 1 | Y = v − t. Hence, if we let x = α 1 , then x i+1 x + t j+1 = 0 and part (A) of Theorem 2 implies that
Now assume that the action is not semifree. By part (B) of Theorem 2 and Lemma 2.8 dim(X) = dim(Y ) and so i = 1 (M ) X = nu + nt and c
In particular, (3.4) implies that
Hence, if we let x = α 1 and y = α i+1 , then 
Finally, as we showed in §2, the fact that
(See (2.5).) Therefore, Theorem 1 follows immediately from the proposition above.
The case that the fixed components have minimal dimension
Consider a Hamiltonian circle action on a compact symplectic manifold
As we saw in the introduction, since the moment map is a Morse-Bott function this implies that
where the sum is over fixed components. In this section, we consider the case that the fixed components have minimal dimension, that is, (1.2) holds. This assumption is closely related to the assumption that the even Betti numbers are minimal, that is, (1.1) holds. For example, (1.1) implies (1.2).
Lemma 4.1. Let the circle act on a compact symplectic manifold
Proof. This claim is an immediate consequence of Lemma 3.3 in [5] , which states that, for each i ∈ 0, . . . ,
(Lemma 3.3 itself follows from the facts that φ is a perfect Morse-Bott function and that H 2i (F ; R) = 0 for all fixed components F and i ∈ 0, . . . ,
The following proposition -which is the main result in this section -gives a partial converse. 
Remark 4.3. If M is 6-dimensional, then (1.2) implies (1.1). The same claim holds if M is 8-dimensional, unless M S 1 has exactly three components: a minimal point, a maximal point, and a 4-dimensional component of index 2. However, (1.2) does not imply (1.1) in this case.
To see the first two claims, consider a Hamiltonian circle action on a compact symplectic manifold (M, ω) which satisfies (1.2). Clearly, H 0 (F ; R) = H dim(F ) (F ; R) = R for every fixed component F . Therefore, if every fixed component has dimension 0 or 2, then (1.1) follows from Lemma 4.4 below. In the remaining cases considered above, (1.1) follows from Lemma 4.4 and Poincaré duality on M and F .
To see the last claim, note that for any n > 2 there is a Hamiltonian circle action on G 2 (R n+2 ) induced by the action on R n+2 ≃ C × R n given by
(See Example 1.5.) The fixed set has three components. Two are isolated fixed points which correspond to the orientations on the real two-plane C × {0}. The third component has dimension 2n − 4 and corresponds to the set of oriented real two-planes in {0} × R n . Hence, (0 + 2) + (0 + 2) + (2n − 4 + 2) = 2n + 2, as required by (1.2). However, if n is even, then
To prove Proposition 4.2, we will need the following analog of Lemma 3.3 in [5] . 
• For each i ∈ 0, . . . ,
Proof. Since M is symplectic H 2i (M ; R) = 0 for all i ∈ {0, . . . ,
Since φ is a Morse-Bott function, there is at least one fixed component F such that 0 ≤ 2i − 2λ F ≤ dim(F ). Since F ⊂M S 1 (dim(F ) + 2) = dim(M ) + 2, this proves the claim.
Remark 4.5. Consider a Hamiltonian circle action on a compact symplectic manifold (M, ω); assume that (1.2) holds. Although we will not use them in this paper, several of the results in §3 of [5] still work in this context if we use Lemma 4.4 above instead of Lemma 3.3 in [5] . For example, the proof of Proposition 3.4 and Lemma 3.7 in [5] otherwise go through without any changes. Therefore, for all fixed components F and F ′ ,
Lemma 4.6. Let the circle act on a compact symplectic manifold (M, ω) with moment map φ : M → R. Let X be the minimal fixed component and let F be a field. Assume that dim(X) ≤ 2λ F − 2 for all other fixed components F . Assume also that there exist classes u ∈ H 2 S 1 (M ; F) and u ∈ H 2 (X; F), such that u| X = u, and a fixed point y such that u| y = 0. Then
Proof. Assume that, on the contrary, H * (X;
First, we claim that there exist α ∈ H j (X; F) and α ∈ H j S 1 (M ; F) such that α = 0, α| X = α, and α| y = 0. To see this, note that at least one of the following is true:
(a) there exists a non-zero class α ∈ H 2i+1 (X; F) for some i; or (b) there exists a class α ∈ H 2i (X; F) which is not a multiple of u i for some i. (Since X is symplectic; H 2i (X; F) = 0 for all i ∈ 0, . . . , and then replace α by α − λu i and α by α − λ u i . Since F is a field, Poincaré duality implies that there exists a class β ∈ H dim(X)−j (X; F) such that α ∪ β = u 1 2 dim(X) . As before, there exists β ∈
= α ∪ β X , and since dim(X) ≤ 2λ F − 2 for all other fixed components F , we can conclude that u
dim(X) = 0. This gives a contradiction.
We are now ready to prove our main result.
Proof of Proposition 4.2. By Lemma 4.4, dim(X) ≤ 2λ F − 2 for every other fixed component F . Moreover, there is exactly one fixed component F with 2λ F = dim(X) + 2. By Lemma 2.7, there exists u ∈ H 2 S 1 (M ; R) such that u| X = [ω| X ] and u| y = t(φ(X) − φ(y)) = 0 for all fixed points y ∈ X. Since φ is a perfect Morse-Bott function, claims (1) and (2) are an immediate consequence of Lemma 4.6.
If [ω] is integral, then by Lemma 2.7 there exists u ∈ H 2 S 1 (M ; Z) and u ∈ H 2 (X; Z) so that u| X = u, u| y = t(φ(X) − φ(y)) for all fixed points y, and u maps to [ω| X ] ∈ H 2 (X; R). If the integers {φ(X) − φ(F )} F ⊂(M X
. On the one hand, by Lemma 4.7 below, this implies that H * (X; Z) is torsion-free. On the other hand, it implies that u i is primitive for all i ∈ {0, . . . , Proof. Since X is compact, the homology ring of X is finitely generated. Moreover, Hom(Z, Z p ) = Z p for all primes p, while Hom(Z q , Z p ) = Z p and Ext(Z q , Z p ) = Z p if p divides q. Therefore, the claim follows immediately from the universal coefficient theorem. (
, where the product is over all fixed components except X. (2) More generally, e S 1 (N X ) is a non-zero multiple of
for each fixed component F . Hence
for all F , and so the class
vanishes when restricted to any fixed component other than X. Therefore, Proposition 2.6 (applied to −φ) implies that (4.9)
for some λ ∈ H * (CP ∞ ; R). This proves (2).
Therefore, λ ∈ R, and by comparing the coefficients of t dim(X) on both sides of (4.9), we see that
Remark 4.10. More generally, if F ⊂M S 1 (dim(F ) + 2) = dim(M )+2 and F is any fixed component, then
where e S 1 (N − F ) is the equivariant Euler class of the negative normal bundle of F , Λ − F is the product of the weights (with multiplicity) in the negative normal bundle of F , and the product is over all fixed components F ′ such that φ(F ′ ) < φ(F ). The proof for this more general case is nearly identical, except that it uses the fact that
which follows from Lemma 4.4 and Remark 4.5. Proof. Since φ is a Morse-Bott function and 2 < 2λ F for all other fixed components F , the natural restriction map from H 2 (M ; Z) to H 2 (X; Z) is an isomorphism.
Lemma 4.12. Let the circle act on a compact connected symplectic manifold (M, ω) with moment map φ : M → R. Let X be the minimal fixed component; assume that dim(X) < 2λ F for all other fixed components F . If λ[ω| X ] j is an integral class for some j ∈ 0, . . . ,
Proof. By Lemma 2.7, there exists u ∈ H 2 S 1 (M ; R) such that u| F = [ω| F ] + t(φ(X)−φ(F )) for each fixed component F . Since φ is a Morse-Bott function and dim(X) < 2λ F for all fixed components F other than X, the natural restriction map from H 2i S 1 (M ; Z) to H 2i S 1 (X; Z) is an isomorphism for all i ∈ 0, . . . , 1 2 dim(X) . Therefore, if λ u j | X = λ[ω| X ] j is an integral class, then so is λ u j . Therefore, for any y in a fixed component F , λ u j | y = λ(φ(X) − φ(F )) j t j is integral.
The case that there are only two fixed components
In this section, we turn to considering the implications of our other main restriction -the assumption that there are only two fixed components, X and Y . The key idea is to exploit the fact that each (nonempty regular) reduced space is a bundle over X and a bundle over Y ; more specifically, it is the projectivization of the normal bundle to X and of the normal bundle to Y .
Proposition 5.1. Let the circle act on a connected compact symplectic manifold (M, ω) with moment map φ : M → R. Let X be the maximal fixed component and fix i ∈ N. If the action is semifree, or if H * (X; Z) is torsion-free, or if
Here, e S 1 (N X ) is the equivariant Euler class of the normal bundle to X.
Proof. Assume first that the action is semifree, or H * (X; Z) is torsion-free, or R = R. Then this claim is a special case of the theorem on the cohomology of reduced spaces proved in [6] ; see Theorem 3 and Propositions 6.4 and 6.7. Alternatively, as we showed in §2, if any of these criteria holds or if i ≤ 2λ X and R = Z, the long exact sequence in equivariant cohomology for the pair (N X , N X X) breaks into a short exact sequence:
Since N X ∼ X and N X X ∼ φ −1 (c), by the Thom isomorphism theorem we can rewrite this short exact sequence as follows:
where the second arrow is multiplication by e S 1 (N X ).
If there are exactly two fixed sets, this has the following corollary:
Corollary 5.2. Let the circle act on a compact symplectic manifold (M, ω) with moment map φ : M → R. Assume that M has exactly two fixed components, X and Y . Fix i ∈ N. If the action is semifree, or if
There is an isomorphism
Proof. For simplicity, we may assume that φ(X) < φ(Y ).
By Proposition 5.1, for any c ∈ φ(X), φ(Y )
is an isomorphism such that f ( α| X ) = α| Y for all α ∈ H i S 1 (M ; R). By Lemma 2.7, there exists u ∈ H * S 1 (M ; R) such that u| X = [ω| X ] and
Finally, fix any s ∈ (0, 1) and let
Since c is a regular value, Lemma 2.7 implies that κ c ( u − t(φ(X) − c)) = ω c , where κ c is the Kirwan map and (M c , ω c ) is the symplectic reduction of M at c. Therefore, under the identification of H * S 1 (φ −1 (c); R) and
Since ω c = 0, the final claim follows immediately.
It is particularly easy to analyze the case where one of the two fixed components has codimension two. To see this note that, since rank C (N Y ) = 1, the action must be semifree.
Therefore, the claims follow immediately from Corollary 5.2.
On the other hand, if (X, ω) is any symplectic manifold and V is any complex vector bundle over X, we can use symplectic cutting to construct a symplectic manifold (M, ω) which admits a Hamiltonian circle action with exactly two fixed components -one component is X and has normal bundle V , and the other component has codimension two.
Additionally, when the two fixed components have minimal dimension, the Chern class of each component is determined by the Chern class of its normal bundle and the weights of the isotropy action on the other component. Proof. By Corollary 5.2, there is an isomorphism
Lemma 5.4. Let the circle act on a compact symplectic manifold (M, ω) with moment map φ : M → R. Assume that M S 1 has exactly two components, X and Y , where dim(X) + dim(Y ) = dim(M ) − 2. Under the natural isomorphism
Fix a point y ∈ Y . Since f (u + mt)| y = 0, the composition of f and the restriction map
where again the product is over all the weights λ in N Y . Moreover, since dim(X) + dim(Y ) = dim(M ) − 2, Lemma 4.8 implies that
; in particular, e S 1 (N X ) is a multiple of u + mt. Therefore,
Therefore, g is an isomorphism. Since c S 1 (M )| X = c(X)c S 1 (N X ), the claim follows immediately.
Proof of the main theorem for semifree actions
In this section, we prove the main theorem in the case when the circle action is semifree, i.e., the action is free outside fixed point set. 
Therefore,
is a primitive integral class. By multiplying [ω] by a constant, we may assume that [ω] is also a primitive integral class. Hence, u = [ω| X ] ∈ H 2 (X; R) is a primitive integral class by Lemma 4.11. By Poincaré duality, these two facts imply that
is an integral class. By Lemma 4.12, this implies that m i divides m i−1 , that is, (6.9) m = 1.
By Proposition 4.2, this implies that
Since nearly identical arguments can be applied to Y , the claim now follows immediately from (6.2), (6.6), (6.7), (6.9), and (6.10).
Isotropy submanifolds
Let the circle act effectively on a compact symplectic manifold (M, ω). If the action is not semifree, then the assumption that there are only two fixed components induces strong restrictions on M itself and on its isotropy submanifolds, especially if the fixed components have relatively simple cohomology. Here, an isotropy submanifold is a symplectic submanifold M Z k M which is not fixed by the S 1 action, but is fixed by the Z k action for some k > 1.
We begin with some results which do not depend on the cohomology of the fixed components.
Lemma 7.1. Let the circle act effectively on a connected compact symplectic manifold (M, ω) with moment map φ : M → R. Assume that M has exactly two fixed components, X and Y .
• If the action is not semifree, then dim(X) = dim(Y ).
• Given an isotropy submanifold Q M , there exists a cohomology
where N Proof. Assume that the action is not semifree, and fix any isotropy submanifold Q M . Consider a cohomology class µ ∈ H dim(Q)−dim(X) S 1 (M ; R).
By applying Corollary 5.2 to µ|
. This is only possible if ab = 1, which implies that a and b are constants. Therefore,
. Therefore, a ∈ Z. By a similar argument, b ∈ Z. Since ab = 1, this implies that a = b = ±1. Proof. Consider any k > 1. Since M S 1 has only two components, if there exists any points with stabilizer Z k , then the isotropy submanifold M Z k is connected and contains X and Y . Moreover, since the action is not semifree, dim(X) = dim(Y ) by Lemma 7.1. Therefore, k divides exactly the same number of weights in Ξ X and Ξ Y .
Lemma 7.3. Let A be a set of relatively prime natural numbers a 1 < · · · < a N . Assume that for each i and k in {1, . . . , N }, there exists j ∈ {1, . . . , N } such that a i + a j = 0 mod a k . Then a i = i for all i.
Proof. The claim is obvious if N = 1. Assume that the claim holds for N − 1.
Consider any i ∈ {1, . . . , N − 1}. By assumption, there exists j ∈ {1, . . . , N } such that a i + a j = 0 mod a N . Since a i < a N and a j ≤ a N , this implies that a i + a j = a N . Since a 1 < · · · < a N −1 , this immediately implies that
Since the elements of A are relatively prime, the equation above immediately implies that the elements of A ′ are relatively prime. Moreover, fix i and k in {1, . . . , N − 1}. By assumption, there exists j ∈ {1, . . . , N } such that a i + a j = 0 mod a k . Moreover, if j = N , then since a k + a N −k = a N this implies that a i + a k + a N −k = 0 mod a k , and hence a i +a N −k = 0 mod a k . By the inductive hypothesis, this implies that A ′ = {1, . . . , N − 1}. The result follows immediately. Proof. Let A = {a 1 , . . . , a N } ⊂ N be the set of distinct weights for the isotropy action on N X . By Corollary 7.2 the set of distinct weights for the isotropy action on N Y is {−a 1 , . . . , −a N }. Moreover, by Lemma 7.4, for each i and k in {1, . . . , N }, there exists j ∈ {1, . . . , N } such that a i = −a j mod a k . Finally, since the action is effective, a 1 , . . . , a N are relatively prime. Therefore, Lemma 7.3 implies that A = {1, 2, · · · , N } for some N ∈ N.
The remaining results depend on the cohomology of the fixed components. Proof. By Corollary 7.2, the sum of the weights (counted with multiplicity) of the S 1 action on N Q Y is −Γ Q . Hence,
there exists a and b in R such that
The claim follows immediately. Proof. Let Q = M Zq M be an isotropy submanifold. By Lemma 7.1, dim(X) = dim(Y ), and there exists α ∈ H 2r S 1 (M ; R) so that (7.9) α| X = e 
(7.10) By Lemma 2.7, there exists u ∈ H 2 S 1 (M ; R) such that u| X = u and
Since X is symplectic and b 2i (X) = 1 for all i ∈ 0, . . . ,
, where (7.11) α| x = a 0 t r ∀ x ∈ X, and α| y = a r (−t) r ∀ y ∈ Y. (7.12) Combining equations (7.9), (7.10), and (7.12), we see that a 0 = ±a r . Therefore, (7.11) implies that
, where a 0 = ±a r .
On the other hand, split N X = k V k , where V k ⊂ N X is the subbundle on which S 1 acts with weight k. By Lemma 4.8,
multiple of e S 1 (N X ). Since
this implies that the e S 1 (V k )'s can be identified with polynomials in C[u, t]
whose product divides
, where r k = rank C V k ; note that α k,0 = 1. Since
this implies that for all k,
is the direct sum of the remaining V k 's. Hence, the fact a 0 = ±a r implies that |λ| = 1. Therefore, (since e S 1 (V k ) is real)
where 0 < ν k < 2 for all k except possibly:
• at most one k such that r k = 1 and ν k = 0; and • at most one k such that r k = 1 and ν k = 2. By Lemma 2.8,
The claim follows immediately. • No point has stabilizer Z k for any k > 2.
• If the action is not semifree, then
Proof. To begin, let Q ⊂ M be an isotropy submanifold such that dim(Q) − dim(Y ) > 2 and dim(M ) − dim(Q) > 2. Let N Q be the normal bundle of Q in M , Γ Q be the sum of the weights (counted with multiplicity) of the isotropy action on N Q | X , m = φ(Y ) − φ(X), and u = [ω| X ]. By Lemma 7.8,
On the other hand, the fact that dim
Since φ is a perfect Morse-Bott function, dim(X) > 0, and so b 2 (X) = 1 by assumption. Hence, by Lemma 7.7,
This gives a contradiction. Therefore, for any isotropy submanifold Q M , (7.14) dim(Q) − dim(Y ) = 2 or dim(M ) − dim(Q) = 2 (or both).
Let N X be the normal bundle to X. By Proposition 7.5, there exists N ∈ N so that the set of distinct weights for the isotropy action on N X is {1, 2, . . . , N }. Split N X = N k=1 V k , where V k is the subbundle of N X on which S 1 acts with weight k.
Assume that N > 2. Then it is easy to check that dim(M ) − dim(M Z k ) > 2 for all k ∈ {2, . . . , N }. By (7.14), this implies that dim(M Z k )−dim(Y ) = 2 for all such k. Therefore, by Lemma 7.6, c 1 (V N −1 ) = 0 and c 1 (V N ) = 0, and so c 1 (V N −1 ⊕ V N ) = 0. This contradicts Lemma 7.8, which implies that
8. Proof of the main theorem for actions which are not semifree
In this section, we prove the main theorem in the case that the circle action is not semifree. 
where dim(X) = dim(Y ) = 2i. Here, N X is the normal bundle to X in M . Moreover, by Lemma 7.6 and (8.5),
Moreover, no point has stabilizer
By (8.8), (8.9) and Lemma 2.8, Proof. Assume on the contrary that there exists a non-zero class α ∈ H 2k+1 (X; F) for some k. By assumptions (1) and (2), there exist u and v in H 2 (X; F) and a non-zero m ∈ F such that (8.27) u| X = u and u| Y = v + mt.
Since F is a field, Poincaré duality implies that there exists β ∈ H 2i−2k−1 (X; F) such that α ∪ β = u i . Since 2k + 1 and 2i − 2k 
